and
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Xi(s's7,8) = £——J; fil{e(s), Xi(s; v, &),

ult(s), Xi(s; 1, £)]}ds
i=12...,n

The initial data vi[t(0), X;(0; 1, £)] (i = 1, 2, ..., n) of
(A4) are the values of vi(i=1,2,...,n) on the initial
curve at the points [¢(0), Xi(0;7,£)] (i = 1,2,...,n) of I
X E located by tracing back Xi(s’;v,£) from (=, £) accord-
ing to the rule (A5). The values of vi(i =1,2,...,n) (or
the value of v at any point of the initial curve) are given by
the initial and boundary conditions in (4) and (5).

The characteristics for the vector u(=9v/9x) of the sys-
tem (1) can be derived from the general system of the first-
order equations:

(.6)
(A5)

F(tyx’ o, )"7 l“)u) =0 (A6)
where F = (Fy,Fg,...,Fy) and A = (M, ke, ..., 0n) =
dur v ovn Y’
(—-i, —2,...,—") . Partial differentiation of (A6) with
ot ot ot
respect to x yields

oA u
F; 4 (VUF)#+ (VAF)_+ (VI-LF)_=0 (A7)
ox ox
In view of the identity 9h/dx = du/8t, it follows that
d )
(VAF) = + (VuF) == —Fo— (VoF)u  (AS8)
ot ax

For the system (1), VaF = I, and V,F is a diagonal matrix,
so that the system (A8) is in canonical form. Thus the char-
acteristic equations for u are

— = V,F
ds g

du

e Fo— (VoF A
— = —Fo— (VaF)a (A9)

In connection with the system (1), the first equation in
(A10) is identical to (A2) for V,F = — f1. The second equa-
tion becomes explicitly

du

o= t > % O, 4, U
= #(t(s), %, 0, p, )

where ¢ = (o1, ¢2,...,0n)" = fz + (Vof Ju.
On the line ¢ = t, the initial values u are, from Equation

(4),

(Al11)

dd(x)
dx

On the remaining segment of the initial curve (the line x =
xo) the values of the initial data of x can be shown, from

Equation (5), to be given by
dt ]
ds \
s=0

(A12)

wlto, x) =

uilt(0), 2]
d¥i(t)

[ fio{o), %o, ¥i[t(0)], u[K0), %01} ——

§=0

[—fi{t(0), xo, ult(0), x01}]

dw,
— {t(c»),xo, wili(o)], AN AKO) o)
dt ds
(A13)
i=12,...,n

The expressions (A13) are the initial data wi[#(0), Xi(0; =, £)]
of (All) along the segment (the line x = x,). An interest-
ing observation is that the initial data are functions of u. Here
fil{t(0), %o, u[t(0), %01} 2 0. If fi1 = 0, the initial curve (x
= %,) is a characteristic. This situation is excluded from the
development.

Part Il. Jacketed Configuration with Step Feed Disturbance

The optimal unsteady control of a jacketed tubular reactor with and without heat generation
due to chemical reaction in response to a step disturbance in the feed stream concentration
is computed. More rigorous control action was found to be necessary for the case with heat
generation than without heat generation. Convergence of the method was also investigated

with fixed and free final time.
STATEMENT OF PROBLEM

The optimal control of a jacketed tubular reactor is con-
sidered, in which the first-order consecutive reactions
Fy kg,
A — B — C take place, both with and without heat
generation. The shell-side fluid temperature, u, is the con-
trol, where u = u(t) only. It is desired to obtain the

optimal control, Q(t), with a known step disturbance in
the inlet concentration, such that the cumulative yield of
the desired product B at the exit x = L during a specified
time interval [0, #;] is maximized. The system of partial
differential equations for the process is

601 aul
—_— k1 Vg—v—
at ax
0vg vy
— =k 01 —ky 0y — v ——
ot 11 2 V2 v 9
dv 1 ov
—3=b1k101+b2k202+—[u(t)—03]——v 3
ot « ox
(1)
subject to the initial and boundary conditions
Ui(03 x) = q)i(x): Ui(t: 0) = ‘I’l(t) = 1’ 2, 3 (2)

where k; = ki, exp(— Ei/RT) (i = 1, 2), and ®;(x) and
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W¥;(t) are prescribed functions of x and of ¢, respectively.
This problem has been discussed earlier (1), where now
the functional to be minimized is

_J;tf vy (t, L)dt or ]=J;tf J:JL (—%) dxdt (3)

The numerical values for the physical constants involved
are taken from the work of Bilous and Amundson (2):
kip = 0.5335 X 10 min.~1, kyy = 0.461 X 10!8 min.~ !,
E, = 18 kcal./mole, E; = 30 kcal./mole, and R = 2.0.
In addition, let « = 3.0, L = 1 unit of length and » = 0.1
unit of length/min., thus fixing the residence time at 10
min.

Negligible Heot Generation

Suppose that it has been previously determined, by a
gradient method, that the optimal steady state, with negli-
gible heat of reaction and for inlet concentrations v,(0)
and 0v5(0) of 0.95 and 0.5 g. mole/liter, is obtained by
choosing v,(0) = 349.3°K. and u = 335.5°K. up to the
time t = 0~. At £ = 07, the inlet concentrations suddenly
change to ©,(0) = 0.65 and v3(0) = 0.35 g. mole/liter,
and the feed temperature to v3(0) = 300°K. It is required
to find the control u(t) such that the cumulative yield
vg(1) is maximized during the time interval [0, t;]. The
original and new optimal steady states are plotted in Fig-
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ures 1 and 2, and the results summarized in Table 1.

TABLE 1. STEADY STATES

Optimal
Optimal Optimal Yield

v1 (0) v (0) v3 (0), °K. u, °K. voatx =1
0.95 0.05 349.3 335.5 0.6797
0.65 0.35 300.0 344.8 0.6779

The Hamiltonian function is given by (1):

ovg ( 601>
=— — Kk 0 — p ——
P + p1 101 ”ax

v
+P2(k101-—k202—v-5;:—) +P3[ by ky vy

1
Fhiko+ = @) —o) — ] ()

The auxiliary system is then

fagtl-=k1p1—klpz_bxklp3“"%€1‘

%=k2p2—b2k27)3—v%€'2'

3_8P£=1= Ri:;z k, o, pl_i? (E1 ky 01— Es ky 02)p2

_R_;E (by Eq ky v1 + by Es kg 02)ps

L P %P (5)
a ox

The systems of characteristic equations are

d’Dl

o= o

ol
o
©
o

345.0

3400

TEMPERATURE,°K

335.0

o

Q
2]
T

[o]
D

\ L)

v,(X)

CONCENTRATION
o) o
© 3 &

1 1 ! 1 1 l | 1

00 0.'2 04 0.6
REACTOR LENGTH

Fig. 1. Optimal steady state for v{(0) = 0.95 and v2(0) = 0.05
g.mole/liter, by = 0, bo = 0, « = 3.0.
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350-0
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TEMPERATURE ,°K

2900 ] ] ] I i ] 1 i

[~ VI(X)

V,(X)

CONCENTRATION

00 02 04 0.6 0.8 -0
REACTOR LENGTH
Fig. 2. Optimal steady state for v1(0) = 0.65, v2(0) == 0.35 g.mole/-
liter, and v3(0) = 300°K, by = 0, by = 0, « = 3.0.

d02

—d"g—=k101'—k202

d 1
_;J'Ss'=b1k1”1+b2k202+—[u(t)—ua] (6)
«
and
d
%=k1pl_klp2_blklp3
d
'?lrsz=k2p2—b2k2p3
d E 1
- ! (b1 E1 k1 01 + by Eg kg 09) ps + Ps (7)
R‘U32 o

‘with the initial data in Equation (2) and pi(o, 1) =

8ie/v (i = 1, 2, 3). The relationship between s and ¢ is
given by s(e, L) — s = o — ¢. For this case by = by, = 0.
A computational algorithm is (1)

. . L Ps

G+ = 4 4 (O j; ( _;_) dx (8)
The reactor length [0, 1] was divided into 20 sections,
giving a mesh size Ax = 0.05. Since » = 0.1, this fixes
At = 0.5 min. An initial guess was made of u(t) for
te[0, t]. The values of u(t) were assigned at the time-
mesh points and the values between mesh points inter-
polated. A fourth-order Runge-Kutta method was used for
the integration along the characteristic line with a step
size As = 0.01. In the integration of Equation (6), the
values of vy, vs, and v3 were stored for the backward in-
tegration of Equation (7). At the end of each integration,
only the values ps/a were stored at the grid points for
the next iteration. When the numerical values of ps/a
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Fig. 3. Optimal control u(t) and optimal yield va(t, 1) for t; = 25
min, by = 0, by = 0.

were available over the entire grid points, the integral

1
J; ps/a dx was evaluated by Simpson’s one-third rule and

three-eighths rule. The discontinuity due to the step dis-
turbance carries itself along the characteristic line. There-
fore, along this line the integration of (6) and (7) must
be carried out twice: once with initial conditions @;(0)
(i = 1, 2, 3), and once with the boundary conditions
¥, (0) (i = 1, 2, 3). This, in turn, creates odd and even

1
panels in the integration of J; ps/« dx which demands the

use of the two rules. At each time-mesh point an improved
control was obtained by Equation (8). The storage loca-
tions used for the integration of the equations in (6) and
(7) along one characteristic could be used again for the
same purpose along another characteristic.

The optimal control u(¢) and the corresponding optimal
yield vg(t, 1), obtained for t; = 25, 40, and 55 min., are
plotted in Figures 3, 4, and 5. At ¢t = 0%, u(t) drops
below the steady state value, and then gradually increases
to a peak. It then settles down with a damped oscillation
to the new steady state optimal control, but exhibits a
second sharp hump one residence time ahead of the time
t;. The physical explanation is that the control within one
residence time from #; does not have to be optimal for the
portion of the reactant fluid still in the reactor at the final
time #;. The effect of the hump is shown at the tail portion
of the yield curves. The optimal yield curves in these fig-
ures are all discontinuous at ¢ = 10 min., owing to prop-
agation of the discontinuity ®(0) = ¥(0) along the
characteristic line.

If the portions of the optimal control curves less than
one residence time from # are excluded, and the remaining
portions plotted on the same graph, the result is Figure 6.
The shapes of optimal controls for ¢ = 25, 40, and 55
min. coincide. Hence the structure of the optimal control
u(t) appears to be independent of #; for t < t; — ¢t,, where
t, is the residence time.

3500
X 0680
o . 3450
-
Y

3400
) 0670
° =
= e
= 3350 o
(o]
(&) ‘I 0.660

3300 ] --— YIELD

—— CONTROL u(t) -
325-0 ! { 1 1 | 1 ] 0650
o0 50 100 150 200 250 300 350 400
TIME, min.

Fig. 4. Optimal control u(t) and optimal yield va(t, 1) for ty = 40
min,, by = 0, by = 0.
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©9 ! ——— CONTROL u(t) |

] ] 4

L2l

i L 1 1 1 L 1 | 1 1
00 100 200 300 400 500

TIME, min.
Fig. 5. Optimal control u(t) and optimal yield va(t, 1) for t; = 55
min,, by = 0, by = 0.
As shown in Table 2, the optimum is quite flat:

i
TAaBLE 2. CuMULATIVE YIELD | v3(%, 1)d¢ TO STEP
0

DISTURBANCE

b1 =0,by =0,and a = 3.0

Cumulative
Yield with
Instantaneous
Application
Cumulative of New
Optimal Yield with  Steady State
[0, ] No.of  Cumulative No Control Optimal
min. Iterations Yield Action Control
25 16 16.914 16.067 16.697
40 21 27.083 25.337 26.865
55 18 37.251 34.607 37.034

The same problem was now investigated with heat gen-
eration (b; = 100 and by = —50). The original and the
new stead]y state profiles are plotted in Figures 7 and 8,
respectively. The profiles in Figure 7 serve as the initial
conditions in (2). The optimal temperature profile for
the new steady state is a monotonically increasing profile
with only the rear half of the reactor now being cooled,
with results shown in Table 3.

The optimal control u(t) for t; = 40 min. is plotted
in Figure 9. The sharp hump still exists, as before, at one

TABLE 3, STEADY STATES

Optimal
Optimal Optimal Yield
vy (0) ve (0) v3 (0), °K. u, °K. vpatx =1
0.95 0.05 331.4 316.4 0.6628 -
0.65 0.35 300.0 331.7 0.6658

350-C
X
© 3450
3 3400}
-
(@)
&
= 3350
(@]
O

3300

3250 ! i ! ! L ! L

00 50 100 150 200 250 300 350 400
TIME , min
Fig. 6. Optimal controls for t; = 25, 40, and 55 min., t < t; — 10,
by =0,b = 0.
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Fig. 7. Optimal steady state for v{{(0) = 0.95 and v2(0) = 0.05
g.mole/liter, by = 100, by — —50, o = 3.0.

residence time ahead of the final time #. The amplitude
of the damped oscillatory control is larger than that of the
reactor without heat generation. The corresponding opti-
mal yield curves are also plotted as dashed lines. The
yield curves are also more oscillatory than before, and
the discontinuity due to ®(0) = ¥(0) is now almost un-
noticeable. A plot of optimal controls for #; = 25, 40, and
55 min. excluding the final humps, is shown in Figure 10.
The patterns are almost the same, although the oscillation

o 45.0
ui 3% Vs (X)
[ ']

3300

3150

TEMPERATUR

3000 ] ] ! 1 ! ] [ i

I-0

08

¥ T 1

v(X)

06|

04
v, (X)

o2}

CONCENTRATION

00 0z 04 06 08 10
REACTOR LENGTH

Fig. 8. Optimal steady state for v1(0) = 065, v2(0) = 035

g.mole/liter, and v3(0) = 300°K., by = 100, by = —50, « = 3.0.
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Fig. 9. Optimal control u(t) and optimal yield va(t, 1) for t; — 40
min,, by = 100, by = —50.

amplitude is larger for smaller ¢;, with the valleys and the
peaks occurring at the same positions in time. One con-
cludes that the optimal control u(t) as ¢y — o must ex-
hibit the same oscillation with somewhat a smaller ampli-
tude.

If no control action is taken against the step disturbance,
the yield is considerably smaller, as shown in Figure 11.
The instantaneous application of the optimal control for
the new steady state would also give a smaller yield than
the application of the optimal control during the first inter-
val of the residence time, The results are summarized in
Table 4.

tr
TaBLE 4. CuMULATIVE YIELD [ v2(t, 1)dt To STEP
0

Di1STURBANCE
b1 — 100, bg = ‘—50, and o == 3.0
Cumulative
Yield with
Instantaneous
Application
Cumulative of New
Optimal Yield with  Steady State
[0, ] No.of  Cumulative  No Control Optimal
min.  Iterations Yield Action Control
25 28 16.518 13.664 15.497
40 25 26.499 20.700 25.485
55 23 36.480 27.736 35.471

CONVERGENCE OF ITERATION

One can check whether the optimal control has been
reached by repeating the computation with a different
starting function for u(t). This has been done for the
previous problems, and in each case, two separate com-
putations converged to the same optimal control u(¢).

3400
X
© -
S
) 3300
o]
o
[
g
© 3200
3100 I ] I ] ! ) L
00 50 100 150 200 250 300 350 400
TIME , min.

Fig. 10. Optimal controls for t; = 25, 40, and 55 min., t < t; —10,
b1 = 100, by = —50.
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Fig. 11. Yield with no control and with instantaneous new steady
state control, tf = 25 min., by = 100, by = —50.

Because of the more strongly oscillatory nature of the opti-
mal control, more iterations were necessary for the case
with heat generation. In every case, rapid convergence was
observed by the fifth to tenth iteration.

It may be noted that the final time condition on the ad-
joint variables requires that ps(x,t;) = 0. Hence, any
choice of u(#) cannot be improved by the algorithm (8).
The neighborhood points are also affected in the numerical
computation. In the previous iterative computations, the
control at this point was fixed at the optimal u for the
new steady state from the physical reasoning that the
optimal control must eventually converge to the optimal
control of the final steady state. For small #;, the effect
of using different controls at the singular point on the
entire optimal control profile deserves investigation. Five
different values of « were used at ¢y = 20 min. for the
case with heat generation; 347.1, 339.4, 324.1, 316.4, and
the optimal u, 331.7°K. The optimal control profiles and
the corresponding yields are plotted in Figure 12. The
cumulative yields were 13.1780, 13.1797, 13.1799,
13.1776, and 13.1803 g. moles for a 1 liter/min. flow rate,
respectively, justifying the choice of u(#;) to be that for
the new steady state.

If, in addition, the condition that the process should
reach the new steady state at time ¢t = # be imposed,
the control u(t) must be set to the optimal u for the new
steady state one residence time ahead of time #;. For the
remaining portion of the time interval, the control is such
that the cumulative yield of v, over the entire interval
be maximum. For the numerical computation, ¢; = 30 min.
was taken. The optimal control and yield obtained from
the iterative computations are plotted in Figure 13 for
the case with b; = by, = 0. The optimal control of the
previous problem with #; = 45 min. is also plotted. Up to
t = 20 min., the two controls coincide well. From these
results it can be concluded that the structure of the opti-
mal control with fixed transfer time is basically not differ-
ent from the one without specified transfer time.
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Fig. 13. Optimal control and optimal yield with fixed transfer time,
ty = 30min, by = 0, b2 = 0.
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NOTATION

by, by = (—AH:)/Cpp, (—AH3)/Cpp
Cp, = specific heat
E,, E, = activation energies

G = integrand of functional J

H = function defined by — G + <p, f>
AHy, AH, = heat of reactions

] = functional

ki, ks = rate constants

ko, koo = pre-exponential factors
L = length

P1. P2, ps = auxiliary variables

R = gas constant

r = radius of tube

s = parameter along characteristic curve
T = temperature, U3

t = time variable

ty = final time

U = overall heat transfer coefficient

u = control

vy, Vs, ¥3 = state variables

x = djstance variable

Greek Letters

= heat exchange parameter, r C, p/2U
increment

Kronecker delta

iteration step size

velocity of fluid

density

initial state vector, (®y, @, ..., D)

= boundary state vector, (¥, ¥, ..., ¥,)

<

1

I

S B® NN PR
i

Subscript
i = ith component of vector

Superscript

=<
rﬁ (i) = ith iteration
\
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